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Abstract

We give an isomorphism test that runs in time npolylog(h) on all n-vertex graphs excluding some h-vertex
graph as a topological subgraph. Previous results state that isomorphism for such graphs can be tested in
time npolylog(n) (Babai, STOC 2016) and nf(h) for some function f (Grohe and Marx, SIAM J. Comp., 2015).

Our result also unifies and extends previous isomorphism tests for graphs of maximum degree d running in
time npolylog(d) (FOCS 2018) and for graphs of Hadwiger number h running in time npolylog(h) (FOCS 2020).

1 Introduction

Determining the computational complexity of the Graph Isomorphism Problem (GI) is a long-standing open
question in theoretical computer science (see, e.g., [21]). The problem is easily seen to be contained in NP, but it
is neither known to be in PTIME nor known to be NP-complete. In a breakthrough result, Babai [1] obtained a
quasipolynomial-time algorithm for testing isomorphism of graphs (i.e., an algorithm running in time npolylog(n)

where n denotes the number of vertices of the input graphs), achieving the first improvement over the previous best

algorithm running in time nO(
√
n/ logn) [4] in over three decades. The algorithm advances both group-theoretic

techniques for GI, dating back to Luks [25], as well as our understanding of combinatorial approaches such as
the Weisfeiler-Leman algorithm (see, e.g., [9, 20]). However, it remains wide open whether GI can be solved in
polynomial time.

Polynomial-time algorithms for testing isomorphism are known for various restricted classes of graphs (see,
e.g., [3, 7, 12, 18, 19, 26, 27]). One of the most general results in this direction due to Grohe and Marx [13] states
that isomorphism can be tested in polynomial time for all graph classes that exclude a fixed graph as a topological
subgraph. In particular, this includes previous results solving GI in polynomial time on all graphs excluding a
fixed graph as a minor [31] and all graphs of bounded maximum degree [25].

A common feature of all these algorithms is that the exponent of the running time depends at least linearly on
the parameter in question. In light of Babai’s quasipolynomial-time algorithm it seems natural to ask for which
graph parameters k the Graph Isomorphism Problem can be solved in time npolylog(k). The first step towards
answering this question was achieved by Grohe, Schweitzer and the present author [15] presenting an isomorphism
algorithm running in time npolylog(d) where n denotes the number of vertices and d the maximum degree of the
input graphs. Further extending the group-theoretic advances of Babai’s algorithm, subsequent work resulted in
algorithms testing isomorphism in time npolylog(k) for graphs of tree-width k [36] and time npolylog(g) for graphs of
Euler genus g [29]. Both of these results were generalized in [17] obtaining an isomorphism test running in time
npolylog(h) for n-vertex graphs excluding an arbitrary h-vertex graph as a minor. For a recent survey, I also refer
to [14]. In this work we further generalize these results to all graphs that exclude an arbitrary h-vertex graph as
a topological subgraph.

Recall that a graph H is a topological subgraph of a graph G if H can be obtained from G by deleting
vertices and edges as well as dissolving degree two vertices (i.e., deleting a vertex of degree two and connecting
its two neighbors). A graph G excludes H as a topological subgraph if G has no topological subgraph that is
isomorphic to H. For example, by Kuratowski’s Theorem, planar graphs can be characterized by excluding K5

and K3,3 as topological subgraphs. Note that, whenever a graph H is a topological subgraph of G, then H is
also a minor of G. Hence, any graph class that excludes some graph H as a minor in particular excludes H as a
topological subgraph. As another observation, the maximum degree of a topological subgraph H of G is at most
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the maximum of degree of G. Thus, any graph of maximum degree d excludes the complete graph Kd+2 on d+ 2
vertices as a topological subgraph.

The main result of this work is a new isomorphism algorithm for graphs that exclude some h-vertex graph as
a topological subgraph which significantly improves the previous best algorithm due to Grohe and Marx [13].

Theorem 1.1. The Graph Isomorphism Problem for graphs excluding some h-vertex graph as a topological
subgraph can be solved in time npolylog(h).

By the comments above, this result also unifies and extends previous isomorphism tests for graphs of maximum
degree d running in time npolylog(d) [15] and for graphs of Hadwiger number h (i.e., the maximum h such that Kh

is a minor of the input graph) running in time npolylog(h) [17].
Observe that a graph G excludes some h-vertex graph as a topological subgraph if and only if it excludes Kh,

the complete graph on h vertices, as a topological subgraph. Hence, in the following, we restrict our attention to
graphs that exclude Kh as a topological subgraph.

On a high level, the algorithm follows the same decomposition strategy that is already used by Grohe et al. in
[17] for testing isomorphism of graphs excluding Kh as a minor. The main idea is to decompose an input graph G
into parts D ⊆ V (G) such that the interplay between the parts is simple, and G restricted to D is t-CR-bounded
for some number t that is polynomially bounded in h. Intuitively speaking, a graph G is t-CR-bounded (where
t ∈ N) if an initially uniform coloring can be transformed into a discrete coloring (i.e., a coloring where every
vertex has its own color) by repeatedly applying the standard Color Refinement algorithm and splitting color
classes of size at most t. Building on the group-theoretic isomorphism machinery dating back to Luks [25] as
well as recent extensions [29], isomorphism of t-CR-bounded graphs can be decided in time npolylog(t) (where n
denotes the number of vertices of the input graphs).

In order to decompose the input graph G into suitable parts D ⊆ V (G), Grohe et al. [17] introduce the
t-closure clGt (X) of a set X ⊆ V (G) as the set of all uniquely colored vertices after artificially individualizing all
vertices from X and applying the t-CR procedure. Now, the central idea is to define D := clGt (X) for a suitable
set X (we will refer to X as the initial set). In order for this approach to work out, the following two statements
are crucial where t is some number polynomially bounded in h.

(A) For every X ⊆ V (G) it holds that |NG(Z)| < h for every connected component of G−D where D := clGt (X).

(B) There is a polynomial-time algorithm that computes an isomorphism-invariant initial set X ⊆ V (G) such
that X ⊆ clGt (v) for every v ∈ X.

Assuming both statements are true, one can build an isomorphism test for graphs G1 and G2 as follows.
First, we compute sets X1 ⊆ V (G1) and X2 ⊆ V (G2) using Property (B) and define Di := clGi

t (Xi) for both
i ∈ {1, 2}. Afterwards, we recursively compute isomorphisms between all pairs of connected components of
G1 −D1 and G2 −D2. By Property (B), Gi is t-CR-bounded on Di after individualizing a single vertex v ∈ Xi.
Hence, isomorphism between G1[D1] and G2[D2] can be decided in time npolylog(t) = npolylog(h). Also, using
the techniques from [16, 36] and Property (A), it is possible to incorporate the partial isomorphisms between
the connected components of G1 − D1 and G2 − D2, overall resulting in an isomorphism test between G1 and
G2 running in time npolylog(h). We remark that, for this strategy to work out, it is crucial to define Di in an
isomorphism-invariant manner as to not compare two graphs that are decomposed in structurally different ways.
Observe that Di is indeed defined in an isomorphism-invariant way since the initial set Xi is by Property (B).

While Grohe et al. [17] already prove Property (A) for graphs excluding Kh as a topological subgraph, their
proof of Property (B) crucially requires closure under taking minors. More precisely, for Property (B), Grohe
et al. provide a complicated algorithm that essentially contracts certain parts of the input graph G, and then
builds the set X from a solution X ′ computed by recursion for the contracted graph G′. Unfortunately, such a
strategy is infeasible for graphs excluding Kh as a topological subgraph since the corresponding class of graphs is
not closed under taking minors.

The main technical contribution of this work is to provide an alternative algorithm for Property (B) that
works for all graphs G excluding Kh as topological subgraph. Indeed, our algorithm is much simpler than the
one from [17] and solely relies on the well-known Weisfeiler-Leman algorithm (see, e.g., [9, 20]). The Weisfeiler-
Leman algorithm is a standard tool in the context of isomorphism testing and computes an isomorphism-invariant
coloring of k-tuples of vertices of a graph G. Our main technical result is that the 3-dimensional Weisfeiler-Leman
algorithm is able to provide a suitable initial set X.
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Theorem 1.2. Let G be a connected graph that excludes Kh as a topological subgraph and let t = Ω(h5). Then
there is a color c0 ∈ {χ3

WL[G](v, v, v) | v ∈ V (G)} such that, for χ(v, w) := χ3
WL[G](v, w,w) for all v, w ∈ V (G)

and X := {v ∈ V (G) | χ3
WL[G](v, v, v) = c0}, it holds that

X ⊆ cl
(G,χ)
t (v)

for all v ∈ X.

Here, χ3
WL[G] : (V (G))3 → C denotes the coloring of 3-tuples computed by the 3-dimensional Weisfeiler-Leman

algorithm. We remark that the t-closure needs to be taken over a colored version of G which, however, does not
pose any problems for the final algorithm.

Observe that Theorem 1.2 implies Property (B) since the coloring χ3
WL[G] can be computed in polynomial

time and we can simply try all possible colors c0 ∈ {χ3
WL[G](v, v, v) | v ∈ V (G)} to find a good set X (if more

than one color yields a good set X, we simply take the smallest color according to some fixed linear order on the
colors).

The proof of Theorem 1.2 builds on a lengthy and technical analysis of the coloring χ. As a main tool for
the proof, we introduce the t-closure graph of (G,χ) which is a directed graph H on the same vertex set as G

and with an edge (v, w) for all v, w ∈ V (G) such that w ∈ cl
(G,χ)
t (v). Building on properties of the 3-dimensional

Weisfeiler-Leman algorithm, we show that it is possible to choose X := {v ∈ V (G) | χ3
WL[G](v, v, v) = c0} in

such a way that X only contains vertices appearing in maximal strongly connected components of H (a strongly

connected component of H is maximal if it has no outgoing edges). This implies that cl
(G,χ)
t (v) and cl

(G,χ)
t (v′)

are either disjoint or equal for all v, v′ ∈ X, since cl
(G,χ)
t (v) is exactly the strongly connected component of H

that contains v. Assuming there are v, v′ ∈ X such that cl
(G,χ)
t (v) and cl

(G,χ)
t (v′) are disjoint, we proceed by

constructing a large number of pairwise internally vertex-disjoint paths between such sets leading to a topological
subgraph of G with high edge-density. Eventually, this contradicts the fact that the average degree of every
topological subgraph of G is bounded by a polynomial function in h [8, 24].

Besides the isomorphism test for graphs excluding Kh as a topological subgraph, the algorithmic approach
taken in this paper also provides some structural insights into the automorphism groups of graphs without a
topological subgraph isomorphic to Kh. We show that every such graph G admits a tree decomposition of
adhesion width at most h − 1 (i.e., the intersection between any two bags has size at most h − 1) such that the
automorphism group of G restricted to a single bag is similar to those of graphs of bounded maximum degree.
More precisely, for d ≥ 1, let Γ̂d denote the class of groups Γ such that every composition factor of Γ is isomorphic
to a subgroup of Sd (the symmetric group on d points). It is well-known that the automorphism group of every

connected graph G of maximum degree d is in the class Γ̂d after individualizing a single vertex of G [25]. We
obtain the following structural insights on the automorphism group Aut(G) of a graph G excluding Kh as a
topological subgraph.

Theorem 1.3. Let G be a graph that excludes Kh as a topological subgraph. Then there is an isomorphism-
invariant tree decomposition (T, β) of G such that

1. the adhesion-width of (T, β) is at most h− 1, and

2. for every t ∈ V (T ) there is some v ∈ β(t) such that (Aut(G))v[β(t)] ∈ Γ̂d for some d = O(h5).

Here, (Aut(G))v[β(t)] denotes the restriction of Aut(G) to the bag β(t) after individualizing the vertex v.

The remainder of this work is structured as follows. In the next section we give the necessary preliminaries.
Afterwards, we define t-CR-bounded graphs and the corresponding closure operator in Section 3 and provide a
more detailed overview on the main algorithm. In Section 4 we state the main technical theorem of this work
which provides a suitable initial set X and give a detailed overview on its proof. Finally, we state the main results
in Section 5.

2 Preliminaries

2.1 Graphs A graph is a pair G = (V (G), E(G)) consisting of a vertex set V (G) and an edge set E(G). All
graphs considered in this paper are finite and simple (i.e., they contain no loops or multiple edges). Moreover,
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unless explicitly other stated, all graphs are undirected. For an undirected graph G and v, w ∈ V (G), we write
vw as a shorthand for {v, w} ∈ E(G). The neighborhood of a vertex v ∈ V (G) is denoted by NG(v). The degree
of v, denoted by degG(v), is the number of edges incident with v, i.e., degG(v) = |NG(v)|. For X ⊆ V (G), we
define NG[X] := X ∪

⋃
v∈X NG(v) and NG(X) := NG[X] \ X. If the graph G is clear from context, we usually

omit the index and simply write N(v), deg(v), N [X] and N(X).
We write Kn to denote the complete graph on n vertices. A graph is regular if every vertex has the same

degree. A bipartite graph G = (V1, V2, E) is called (d1, d2)-biregular if all vertices vi ∈ Vi have degree di for both
i ∈ {1, 2}. In this case d1 · |V1| = d2 · |V2| = |E|. By a double edge counting argument, for each subset S ⊆ Vi,
i ∈ {1, 2}, it holds that |S| · di ≤ |NG(S)| · d3−i. A bipartite graph is biregular, if there are d1, d2 ∈ N such that G
is (d1, d2)-biregular. Each biregular graph satisfies the Hall condition, i.e., for all S ⊆ V1 it holds |S| ≤ |NG(S)|
(assuming |V1| ≤ |V2|). Thus, by Hall’s Marriage Theorem, each biregular graph contains a matching of size
min(|V1|, |V2|).

A path of length k from v to w is a sequence of distinct vertices v = u0, u1, . . . , uk = w such that ui−1ui ∈ E(G)
for all i ∈ [k] := {1, . . . , k}. The distance between two vertices v, w ∈ V (G), denoted by distG(v, w), is the length
of a shortest path between v and w. As before, we omit the index G it it is clear from context. For two sets
A,B ⊆ V (G), we denote by EG(A,B) := {vw ∈ E(G) | v ∈ A,w ∈ B}. Also, G[A,B] denotes the graph with
vertex set A∪B and edge set EG(A,B). We write G[A] := G[A,A] to denote the induced subgraph on vertex set A.
Also, we denote by G−A the subgraph induced by the complement of A, that is, the graph G−A := G[V (G)\A].
A graph H is a subgraph of G, denoted by H ⊆ G, if V (H) ⊆ V (G) and E(H) ⊆ E(G). A set S ⊆ V (G) is a
separator of G if G−S has more connected components than G. A k-separator of G is a separator of G of size k.

An isomorphism from G to a graph H is a bijection ϕ : V (G)→ V (H) that respects the edge relation, that is,
for all v, w ∈ V (G), it holds that vw ∈ E(G) if and only if ϕ(v)ϕ(w) ∈ E(H). Two graphs G and H are isomorphic,
written G ∼= H, if there is an isomorphism from G to H. We write ϕ : G ∼= H to denote that ϕ is an isomorphism
from G to H. Also, Iso(G,H) denotes the set of all isomorphisms from G to H. The automorphism group of G
is Aut(G) := Iso(G,G). Observe that, if Iso(G,H) 6= ∅, it holds that Iso(G,H) = Aut(G)ϕ := {γϕ | γ ∈ Aut(G)}
for every isomorphism ϕ ∈ Iso(G,H).

A vertex-colored graph is a tuple (G,χV ) where G is a graph and χV : V (G) → C is a mapping into some
set C of colors, called vertex-coloring. Similarly, an arc-colored graph is a tuple (G,χE), where G is a graph and
χE : {(u, v) | {u, v} ∈ E(G)} → C is a mapping into some color set C, called arc-coloring. Observe that colors
are assigned to directed edges, i.e., the directed edge (v, w) may obtain a different color than (w, v). We also
consider vertex- and arc-colored graphs (G,χV , χE) where χV is a vertex-coloring and χE is an arc-coloring. Also,
a pair-colored graph is a tuple (G,χP ), where G is a graph and χP : (V (G))2 → C is a mapping into some color
set C. Typically, C is chosen to be an initial segment [n] of the natural numbers. To be more precise, we generally
assume that there is a total order on the set of all potential colors which, for example, allows us to identify a
minimal color appearing in a graph in a unique way. Isomorphisms between vertex-, arc- and pair-colored graphs
have to respect the colors of the vertices, arcs and pairs.

2.2 Topological Subgraphs A graph H is a topological subgraph of G if H can be obtained from G by
deleting edges, deleting vertices and dissolving degree 2 vertices (which means deleting the vertex and making its
two neighbors adjacent). More formally, we say that H is a topological subgraph of G if a subdivision of H is a
subgraph of G (a subdivision of a graph H is obtained by replacing each edge of H by a path of length at least
1). The following theorem states the well-known fact that graphs excluding a topological subgraph have bounded
average degree.

Theorem 2.1. ([8, 24]) There is an absolute constant adeg ≥ 1 such that for every h ≥ 1 and every graph G
that excludes Kh as a topological subgraph, it holds that

1

|V (G)|
∑

v∈V (G)

degG(v) ≤ adegh2.

In the remainder of this work, we always use adeg to refer to the constant from the theorem above.

2.3 Weisfeiler-Leman Algorithm The Weisfeiler-Leman algorithm, originally introduced by Weisfeiler and
Leman in its 2-dimensional version [35], forms one of the most fundamental subroutines in the context of
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isomorphism testing.
Let χ1, χ2 : V k → C be colorings of the k-tuples of vertices of G, where C is some finite set of colors. We say

χ1 refines χ2, denoted χ1 � χ2, if χ1(v̄) = χ1(w̄) implies χ2(v̄) = χ2(w̄) for all v̄, w̄ ∈ V k. The colorings χ1 and
χ2 are equivalent, denoted χ1 ≡ χ2, if χ1 � χ2 and χ2 � χ1.

The Color Refinement algorithm (i.e., the 1-dimensional Weisfeiler-Leman algorithm) is a procedure that,
given a graph G, iteratively computes an isomorphism-invariant coloring of the vertices of G. In this work, we
actually require an extension of the Color Refinement algorithm that apart from vertex-colors also takes arc-colors
into account. For a vertex- and arc-colored graph (G,χV , χE) define χ(0)[G] := χV to be the initial coloring for
the algorithm. This coloring is iteratively refined by defining χ(i+1)[G](v) := (χ(i)[G](v),Mi(v)) where

Mi(v) :=
{{(
χ(i)[G](w), χE(v, w), χE(w, v)

) ∣∣ w ∈ NG(v)
}}

(and {{. . . }} denotes a multiset). By definition, χ(i+1)[G] � χ(i)[G] for all i ≥ 0. Hence, there is a minimal value
i∞ such that χ(i∞)[G] ≡ χ(i∞+1)[G]. We define χCR[G] := χ(i∞)[G]. The Color Refinement algorithm takes as
input a vertex- and arc-colored graph (G,χV , χE) and returns (a coloring that is equivalent to) χCR[G]. The
procedure can be implemented in time O((m+ n) log n) (see, e.g., [6]).

Next, we describe the k-dimensional Weisfeiler-Leman algorithm (k-WL) for all k ≥ 2. For an input graph G
let χk(0)[G] : (V (G))k → C be the coloring where each tuple is colored with the isomorphism type of its underlying

ordered subgraph. More precisely, χk(0)[G](v1, . . . , vk) = χk(0)[G](v′1, . . . , v
′
k) if and only if, for all i, j ∈ [k], it holds

that vi = vj ⇔ v′i = v′j and vivj ∈ E(G) ⇔ v′iv
′
j ∈ E(G). If the graph is equipped with a coloring the initial

coloring χk(0)[G] also takes the input coloring into account. More precisely, for a vertex-coloring χV , it additionally

holds that χV (vi) = χV (v′i) for all i ∈ [k]. For an arc-coloring χE , it is the case that χE(vi, vj) = χE(v′i, v
′
j)

for all i, j ∈ [k] such that vivj ∈ E(G). Finally, for a pair coloring χP , it holds that χP (vi, vj) = χP (v′i, v
′
j) is

additionally satisfied for all i, j ∈ [k].
We then recursively define the coloring χk(i)[G] obtained after i rounds of the algorithm. For v̄ = (v1, . . . , vk) ∈

(V (G))k let

χk(i+1)[G](v̄) :=
(
χk(i)[G](v̄),Mi(v̄)

)
where

Mi(v̄) :=
{{(

χk(i)[G](v̄[w/1]), . . . , χk(i)[G](v̄[w/k])
) ∣∣∣ w ∈ V (G)

}}
and v̄[w/i] := (v1, . . . , vi−1, w, vi+1, . . . , vk) is the tuple obtained from v̄ by replacing the i-th entry by w. Again,
there is a minimal i∞ such that χk(i∞)[G] ≡ χk(i∞+1)[G] and for this i∞ we define χkWL[G] := χk(i∞)[G].

The k-dimensional Weisfeiler-Leman algorithm takes as input a (vertex-, arc- or pair-)colored graph G and
returns (a coloring that is equivalent to) χkWL[G]. This can be implemented in time O(nk+1 log n) (see [20]).

Let G be a graph. Let k ≥ 1 and let χ : (V (G))k → C be a coloring of k-tuples. We say that χ is k-stable on
G if χ � χk(0)[G] and χ is not refined by applying one round of the k-dimensional Weisfeiler-Leman algorithm (the

1-dimensional Weisfeiler-Leman algorithm is defined as the Color Refinement algorithm). In particular, χkWL[G] is
k-stable on G. The following facts are well-known.

Fact 2.1. Let G be a graph and let 1 ≤ ` ≤ k. Also, define

χ(v1, . . . , v`) := χkWL[G](v1, . . . , v`, v`, . . . , v`)

for all v1, . . . , v` ∈ V (G). Then χ is `-stable on G.

Fact 2.2. Let G be a graph and let 1 ≤ ` < k. Let w ∈ V (G) and define

χ(v1, . . . , v`) := χkWL[G](w, v1, . . . , v`, v`, . . . , v`)

for all v1, . . . , v` ∈ V (G). Then χ is `-stable on (G,χw) where χw is the vertex-coloring defined via χw(w) := 1
and χw(v) := 0 for all v ∈ V (G) \ {w}.
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2.4 Permutation Groups We also require some basic notation from group theory. For further background
we refer to [11, 32].

A permutation group acting on a set Ω is a subgroup Γ ≤ Sym(Ω) of the symmetric group. The size of the
permutation domain Ω is called the degree of Γ. For γ ∈ Γ and α ∈ Ω we denote by αγ the image of α under
the permutation γ. For α ∈ Ω the group Γα = {γ ∈ Γ | αγ = α} ≤ Γ is the stabilizer of α in Γ. A set A ⊆ Ω is
Γ-invariant if A = Aγ := {αγ | α ∈ A} for all γ ∈ Γ.

For A ⊆ Ω and a bijection θ : Ω→ Ω′ we denote by θ[A] the restriction of θ to the domain A. For a Γ-invariant
set A ⊆ Ω, we denote by Γ[A] := {γ[A] | γ ∈ Γ} the induced action of Γ on A, i.e., the group obtained from Γ
by restricting all permutations to A. More generally, for every set Λ of bijections with domain Ω, we denote by
Λ[A] := {θ[A] | θ ∈ Λ}.

In order to perform computational tasks for permutation groups efficiently the groups are typically represented
by generating sets of small size (see [34] for more details). Indeed, most algorithms are based on so-called strong
generating sets, which can be chosen of size quadratic in the degree of the group and can be computed in
polynomial time given an arbitrary generating set (see, e.g., [34]).

In this work we are interested in permutation groups with restricted composition factors. Let Γ be a group. A
subnormal series is a sequence of subgroups Γ = Γ0 D Γ1 D · · · D Γk = {id}. The length of the series is k and the
groups Γi−1/Γi are the factor groups of the series, i ∈ [k]. A composition series is a strictly decreasing subnormal
series of maximal length. For every finite group Γ all composition series have the same family (considered as a
multiset) of factor groups (cf. [32]). A composition factor of a finite group Γ is a factor group of a composition
series of Γ.

Definition 2.1. For d ≥ 2 let Γ̂d denote the class of all groups Γ for which every composition factor of Γ is
isomorphic to a subgroup of Sd.

3 Allowing Color Refinement to Split Small Color Classes

In the following, we provide a more detailed overview for the main algorithm testing isomorphism of graphs
excluding Kh as a topological subgraph. On a high-level, the algorithm builds on a decomposition strategy. Let
G1 and G2 denote the two input graphs. By testing isomorphisms of connected components separately, we may
assume without loss of generality that G1 and G2 are connected. The algorithm aims at finding isomorphism-
invariant sets D1 and D2 and recursively computes isomorphisms between all pairs of components of G1−D1 and
G2 −D2. In order to combine the partial isomorphisms between connected components of G1 −D1 and G2 −D2

into full isomorphisms between G1 and G2 the algorithm builds on the various existing group-theoretic tools from
[17, 29, 36]. Here, one of the crucial properties is that |NGi

(Z)| is polynomially bounded in h for every connected
component Z of Gi−Di. To test isomorphisms between G1[D1] and G2[D2], the algorithms builds on the notion
of t-CR-bounded graphs originally introduced by Ponomarenko [30].

Intuitively speaking, a (vertex- and arc-colored) graph G is t-CR-bounded, t ∈ N, if the vertex coloring of G
can be turned into the discrete coloring (i.e., each vertex has its own color) by repeatedly

• performing the Color Refinement algorithm (expressed by the letters ‘CR’), and

• taking a color class [v]χ := {w ∈ V (G) | χ(w) = χ(v)} of size |[v]χ| ≤ t and assigning each vertex from the
class its own color.

The next definition formalizes this intuition.

Definition 3.1. A vertex- and arc-colored graph G = (V,E, χV , χE) is t-CR-bounded if the sequence (χi)i≥0
reaches a discrete coloring where χ0 := χV ,

χ2i+1 := χ1
WL[V,E, χ2i, χE ]

and

χ2i+2(v) :=

{
(v, 1) if |[v]χ2i+1

| ≤ t
(χ2i+1(v), 0) otherwise

for all i ≥ 0.
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Also, for the minimal i∞ ≥ 0 such that χi∞ ≡ χi∞+1, we refer to χi∞ as the t-CR-stable coloring of G and
denote it by χt-CR[G].

Assuming G1[D1] and G2[D2] are t-CR-bounded, isomorphisms between the subgraphs can be found in time
npolylog(t) building on the group-theoretic graph isomorphism machinery [29]. Also, using the tools from [36],
one can incorporate the partial isomorphisms between connected components of G1−D1 and G2−D2, assuming
|NGi(Z)| is polynomially bounded in h for every connected component Z of Gi −Di. Hence, the main task is to
find suitable sets D1 and D2. Here, we follow the same strategy as in [17] and rely on a closure operator associated
with t-CR-bounded graphs. Let G be a graph and let X ⊆ V (G) be a set of vertices. Let χ∗V : V (G) → C be
the vertex-coloring obtained from individualizing all vertices in the set X, i.e., χ∗V (v) := (v, 1) for v ∈ X and
χ∗V (v) := (0, 0) for v ∈ V (G) \X. Let χ := χt-CR[G,χ∗V ] denote the t-CR-stable coloring with respect to the input
graph (G,χ∗V ). We define the t-closure of the set X (with respect to G) to be the set

clGt (X) := {v ∈ V (G) | |[v]χ| = 1} .

Observe that X ⊆ clGt (X). For v1, . . . , v` ∈ V (G) we also use clGt (v1, . . . , v`) as a shorthand for clGt ({v1, . . . , v`}).
If the input graph is equipped with a vertex- or arc-coloring, all definitions are extended in the natural way.

We also build the t-closure for vertex sets over pair-colored graphs (G,χ). Let n denote the number of
vertices of G. We define a vertex- and arc-coloring χ̃V and χ̃E of the complete graph Kn by χ̃V (v) := χ(v, v) and
χ̃E(v, w) := (1, χ(v, w)) for all vw ∈ E(G) and χ̃E(v, w) := (0, χ(v, w)) for all v, w ∈ V (G) such that v 6= w and
vw /∈ E(G). Now, for X ⊆ V (G) let

cl
(G,χ)
t (X) := cl

(Kn,χ̃V ,χ̃E)
t (X).

As before, for v1, . . . , v` ∈ V (G), we use cl
(G,χ)
t (v1, . . . , v`) as a shorthand for cl

(G,χ)
t ({v1, . . . , v`}).

Now, following the general strategy outlined above, the goal is to compute suitable isomorphism-invariant
sets Xi ⊆ V (Gi) and define Di := clGi

t (Xi) for both i ∈ {1, 2} (for some suitable choice of t). We refer to the sets
X1 and X2 as the initial sets. More precisely, the algorithms aims at finding isomorphism-invariant initial sets
Xi ⊆ V (Gi) and pair-colorings χi : (V (Gi))

2 → C such that the following properties hold for the some t ∈ N that
is polynomially bounded in h.

(A) |NGi
(Z)| < h for every connected component of Gi −Di where Di := cl

(Gi,χi)
t (Xi), and

(B) Xi ⊆ cl
(Gi,χi)
t (v) for every v ∈ Xi.

The second property implies that Di = cl
(Gi,χi)
t (v) for every v ∈ Xi. This allows us to test isomorphisms

between G1[D1] and G2[D2] using the group-theoretic graph isomorphism machinery after individualizing a single
vertex. Also, as already discussed above, the first property allows to incorporate the partial isomorphisms between
connected components of G1 −D1 and G2 −D2 using tools from [16, 36].

Now, Property (A) has already been proved in [17] for graphs excluding Kh as a topological subgraph.

Theorem 3.1. ([17, Theorem IV.1]) Let G be a graph that excludes Kh as a topological subgraph and let
X ⊆ V (G). Let t ≥ 3h3 and define D := clGt (X). Let Z be the vertex set of a connected component of G − D.
Then |NG(Z)| < h.

Hence, the remaining task is to find suitable isomorphism-invariant initial sets X1 and X2 that satisfy
Property (B). This is the main technical contribution of this paper. We show that, after applying the 3-
dimensional Weisfeiler-Leman algorithm, there is some color c0 such that, setting χi(v, w) := χ3

WL[Gi](v, w,w) for
all v, w ∈ V (Gi) and Xi := {v ∈ V (Gi) | χ3

WL[Gi](v, v, v) = c0}, Property (B) is satisfied. Observe that Xi and χi
are clearly defined in an isomorphism-invariant manner since the coloring computed the 3-dimensional Weisfeiler-
Leman algorithm is preserved by isomorphisms. This completes the high-level description of the algorithm.

4 Finding the Initial Set

In this section, we argue how to compute the initial sets X1 and X2 with the desired properties as discussed in
the last section. Recall the definition of the constant adeg from Theorem 2.1. Without loss of generality assume
adeg ≥ 2. We define

(4.1) t(h) := max{3h3, ah2, a2degh4, 12adegh
4, 36a2degh

5, 144a2degh
5} = 144a2degh

5.
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Here, the term t(h) provides a lower bound on the parameter t for the t-closure of a set that is required to achieve
the desired properties. While it is clear that the last term achieves the maximum, the other terms are also stated
for later reference. Indeed, each bound on t will allow us to derive a specific property when building the t-closure
of a set. For example, t ≥ 3h3 allows the application of Theorem 3.1. Combining all these properties eventually
allows to prove that the computed initial sets X1 and X2 have the desired properties. The next theorem forms
the key technical contribution of this paper.

Theorem 4.1. Let G be a connected graph that excludes Kh as a topological subgraph and let t ≥ t(h). Then
there is a color c0 ∈ {χ3

WL[G](v, v, v) | v ∈ V (G)} such that, for χ(v, w) := χ3
WL[G](v, w,w) for all v, w ∈ V (G)

and X := {v ∈ V (G) | χ3
WL[G](v, v, v) = c0}, it holds that

X ⊆ cl
(G,χ)
t (v)

for all v ∈ X.

Before diving into the proof of Theorem 4.1, let us state the main corollary that is used for our isomorphism
test for graphs excluding Kh as a topological subgraph.

Corollary 4.1. There is a polynomial-time algorithm that, given a connected vertex- and arc-colored graph G
and a number t ≥ t(h), either correctly concludes that G has a topological subgraph isomorphic to Kh or computes
a pair-coloring χ : (V (G))2 → C and a non-empty set X ⊆ V (G) such that

1. X = {v ∈ V (G) | χ(v, v) = c} for some color c ∈ C, and

2. X ⊆ cl
(G,χ)
t (v) for every v ∈ X.

Moreover, the output of the algorithm is isomorphism-invariant with respect to G and t.

Here, the output is isomorphism-invariant if it depends only on the isomorphism type of G and the number
t. More formally, let (G1, t1) and (G2, t2) be two input pairs such that G1

∼= G2 and t1 = t2. Then the algorithm
either concludes in both cases that Gi contains a topological subgraph isomorphic to Kh, or it computes colorings
χi : (V (Gi))

2 → C and sets Xi ⊆ V (Gi), i ∈ {1, 2}, such that χ1(v, w) = χ2(ϕ(v), ϕ(w)) and Xϕ
1 = Xϕ

2 for all
v, w ∈ V (G1) and all ϕ ∈ Iso(G1, G2).

Proof. The algorithms sets χ(v, w) := χ3
WL[G](v, w,w) for all v, w ∈ V (G). Also, it computes the set C0 of all

colors c0 ∈ {χ3
WL[G](v, v, v) | v ∈ V (G)} such that, for Xc0 := {v ∈ V (G) | χ3

WL[G](v, v, v) = c0}, it holds that

Xc0 ⊆ cl
(G,χ)
t (v)

for all v ∈ Xc0 . If C0 = ∅ the algorithm outputs that G contains a topological subgraph isomorphic to Kh. This
is correct by Theorem 4.1.

Otherwise, let c0 be the minimal color contained in C0 (recall that we always assume colors to be linearly
ordered). The algorithm outputs χ and X where X := Xc0 . Clearly, both requirements are satisfied by definition.

Also, the algorithm runs in polynomial time since χ3
WL[G] and cl

(G,χ)
t (v) for every v ∈ V (G) can be computed

in polynomial time.

Now, let us return to Theorem 4.1. Its lengthy and technical proof is discussed in the remainder of this
section1. For better readability it is split into several steps. Let us start by giving a brief outline. Further
intuition is provided throughout the proof when the single steps can be formulated more clearly.

The central tool for the analysis of the closure sets is the t-closure graph of (G,χ) which is defined as the
directed graph H with vertex set V (H) := V (G) and edge set

E(H) := {(v, w) | w ∈ cl
(G,χ)
t (v)}.

1Some details are omitted from this extended abstract. The complete proof can be found in the full version of the paper.
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A key property of the 3-dimensional Weisfeiler-Leman algorithm is that it detects the edge relation of H, i.e.,
there is some set of colors CH ⊆ {χ(v, w) | v 6= w ∈ V (H)} such that (v, w) ∈ E(H) if and only if χ(v, w) ∈ CH
for all v, w ∈ V (G). Actually, this is the only part of the proof that requires us to use the 3-dimensional Weisfeiler-
Leman algorithm. For all remaining parts, it turns out to be sufficient to use the 2-dimensional Weisfeiler-Leman
algorithm.

We define c0 := χ3
WL[G](v0, v0, v0) for some v0 ∈ V (G) that appears in a maximal strongly connected

component of H (a strongly connected component of H is maximal if it has no outgoing edges). Let

D(v) := cl
(G,χ)
t (v) for all v ∈ X. In order to show that X ⊆ cl

(G,χ)
t (v) it suffices to show that D(v) = D(w) for

all v, w ∈ X. Building on the fact that the 3-dimensional Weisfeiler-Leman algorithm detects the edge relation
of H, we first show that D(v) = D(w) or D(v) ∩ D(w) = ∅ for all v, w ∈ X. This allows us to partition the
set D :=

⋃
v∈X D(v) and into classes D1, . . . , Dk where {D1, . . . , Dk} = {D(v) | v ∈ X}, i.e., D1, . . . , Dk is an

arbitrary enumeration of all distinct sets D(v), v ∈ X. Assuming k ≥ 2, the basic strategy is to construct a large
number of internally vertex-disjoint paths connecting vertices of different partition classes (see Lemma 4.14). The
construction of these paths (see Section 4.4) turns out to the most technical and complicated part of the proof.
Given a large number of such paths then results in a topological subgraph of G that has high edge density which
eventually contradicts Theorem 2.1.

The remainder of this section is structured as follows. In Section 4.1 we provide additional notation and basic
tools for the proof of Theorem 4.1. The closure graph and its basic properties are covered in Section 4.2. In

Section 4.3, we investigate the interaction between the closure sets D(v) := cl
(G,χ)
t (v), v ∈ X, in the graph G. In

particular, we reduce the task of proving Theorem 4.1 to proving the existence of certain vertex-disjoint paths,
as formulated in Lemma 4.14. Finally, the proof of Lemma 4.14 is covered in Section 4.4.

4.1 Basic Tools Among other things, the proof builds on various properties of the 2-dimensional Weisfeiler-
Leman algorithm. Towards this end, we first introduce additional notation as well as some basic tools.

Let G be a graph and let χ be a pair coloring that is 2-stable on G. We refer to CV := CV (G,χ) := {χ(v, v) |
v ∈ V (G)} as the set of vertex colors and CE := CE(G,χ) := {χ(v, w) | vw ∈ E(G)} as the set of edge colors. For
a vertex color c ∈ CV (G,χ), we define Vc := Vc(G,χ) := {v ∈ V (G) | χ(v, v) = c} as the set of all vertices with
color c. Similar, for an edge color c ∈ CE(G,χ) we define Ec := Ec(G,χ) := {v1v2 ∈ E(G) | χ(v1, v2) = c}. We
say a set U ⊆ V (G) is χ-invariant if there is a set of vertex colors CU ⊆ CV such that U =

⋃
c∈CU

Vc.
Let C ⊆ {χ(v, w) | v, w ∈ V (G), v 6= w} be a set of colors. We define the graph G[C] with vertex set

V (G[C]) := {v, w | χ(v, w) ∈ C}

and edge set
E(G[C]) := {vw | χ(v, w) ∈ C}.

Let A1, . . . , A` be the vertex sets of the connected components of G[C]. We also define the graph G/C as the
graph obtained from contracting every set Ai to a single vertex. Formally,

V (G/C) := {{v} | v ∈ V (G) \ V (G[C])} ∪ {A1, . . . , A`}

and edge set
E(G/C) := {X1X2 | ∃v1 ∈ X1, v2 ∈ X2 : v1v2 ∈ E(G)}.

Lemma 4.1. (see [10, Theorem 3.1.11]) Let G be a graph and C ⊆ {χ(v, w) | v, w ∈ V (G), v 6= w} be a set of
colors. Define

(χ/C)(X1, X2) := {{χ(v1, v2) | v1 ∈ X1, v2 ∈ X2}}
for all X1, X2 ∈ V (G/C). Then χ/C is 2-stable on G/C.

Moreover, for all X1, X2, X
′
1, X

′
2 ∈ V (G/C), either it holds (χ/C)(X1, X2) = (χ/C)(X ′1, X

′
2) or

(χ/C)(X1, X2) ∩ (χ/C)(X ′1, X
′
2) = ∅.

For every edge color c, the endvertices of all c-colored edges have the same vertex colors, that is, for all edges
vw, v′w′ ∈ E(G) with χ(v, w) = χ(v′, w′) = c we have χ(v, v) = χ(v′, v′) and χ(w,w) = χ(w′, w′). This implies
1 ≤ |CV (G[{c}], χ)| ≤ 2. We say that G[c] := G[{c}] is unicolored if |CV (G[c], χ)| = 1. Otherwise G[c] is called
bicolored. The next two lemmas investigate properties of connected components of bicolored graphs G[c] for an
edge color c. Again, recall the definition of the constant adeg from Theorem 2.1.
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Lemma 4.2. Let G = (V1, V2, E) be a connected, bipartite graph that excludes Kh as a topological subgraph and
let χ be a pair-coloring that is 2-stable on G. Suppose that χ(v1, v2) = χ(v′1, v

′
2) for all (v1, v2), (v′1, v

′
2) ∈ V1 × V2

with v1v2, v
′
1v
′
2 ∈ E. Also assume that |V2| > adegh

2|V1|. Let

E∗ :=

{
v1v2 ∈

(
V1
2

)
| ∃w ∈ V2 : v1w, v2w ∈ E(G)

}
.

Then there are colors c1, . . . , cr ∈ χ(V 2
1 ) such that

1. E∗ =
⋃
i∈[r]Eci where Eci := {v1v2 ∈ V (G)2 | χ(v1, v2) = ci},

2. H := (V1, E
∗) is connected, and

3. Hi is a topological subgraph of G for all i ∈ [r] where Hi = (V1, Eci).

Proof. Clearly, H is connected (since G is connected) and there are colors c1, . . . , cr ∈ χ(V 2
1 ) such that

E∗ =
⋃
i∈[r]Eci .

So let i ∈ [r] and consider the bipartite graph B = (V2, Eci , E(B)) where E(B) := {(u, v1v2) | u ∈
NG(v1) ∩NG(v2)}. By the properties of the 2-dimensional Weisfeiler-Leman algorithm the graph B is biregular.
It follows from Hall’s Marriage Theorem that B contains a matching M of size min(|V2|, |Eci |) as explained in
the preliminaries. If |V2| ≥ |Eci | then Hi is a topological subgraph of G.

So suppose that |V2| < |Eci |. Let Fi ⊆ Eci be those vertices that are matched by the matching M in the
graph B. Then H ′i := (V1, Fi) is a topological subgraph of G, and thus it excludes Kh as a topological subgraph.
However, |Fi| = |V2| > adegh

2|V1| which contradicts Theorem 2.1.

Lemma 4.3. Let t ≥ a2degh
4. Let G = (V1, V2, E) be a connected bipartite graph that excludes Kh as a

topological subgraph and let χ be a pair-coloring that is 2-stable on G. Suppose that χ(v1, v2) = χ(v′1, v
′
2) for

all (v1, v2), (v′1, v
′
2) ∈ V1 × V2 with v1v2, v

′
1v
′
2 ∈ E. Also assume that |V1| ≤ |V2|. Then V1 ⊆ cl

(G,χ)
t (v) for all

v ∈ V1 ∪ V2.

Proof. The graph G is biregular and it holds that deg(v1) · |V1| = deg(v2) · |V2| for all v1 ∈ V1 and v2 ∈ V2. Hence,

deg(v2) ≤ adegh2 for all v2 ∈ V2 by Theorem 2.1. This means cl
(G,χ)
t (v)∩V1 6= ∅, because either v ∈ cl

(G,χ)
t (v)∩V1

or v ∈ V2 and NG(v) ⊆ cl
(G,χ)
t (v) ∩ V1.

First suppose that |V2| ≤ adegh2|V1|. Then deg(v1) = deg(v2) |V2|
|V1| ≤ t and deg(v2) ≤ t for all v1 ∈ V1, v2 ∈ V2.

It follows that cl
(G,χ)
t (v) = V (G).

So assume that |V2| > adegh
2|V1|. By Lemma 4.2, there are colors c1, . . . , cr ∈ χ(V 2

1 ) such that

1. Hi excludes Kh as a topological subgraph for all i ∈ [r] where Hi = (V1, Eci) and Eci := {v1v2 ∈ V (G)2 |
χ(v1, v2) = ci}, and

2. H = (V1,
⋃
i∈[r]Eci) is connected.

For all i ∈ [r], the graph Hi is d-regular for some d, and by Theorem 2.1 it holds that d ≤ adegh
2 ≤ t. This

implies that V1 ⊆ cl
(G,χ)
t (v1) for all v1 ∈ V1, and since V1 ∩ cl

(G,χ)
t (v) 6= ∅ for all v ∈ V1 ∪ V2, it follows that

V1 ⊆ cl
(G,χ)
t (v).

4.2 The Closure Graph We now turn to the proof of Theorem 4.1. For the remainder of this section, let us
fix a connected graph G and a number t ≥ t(h) as the input for Theorem 4.1. Also, fix the pair-coloring χ defined
via χ(v, w) := χ3

WL[G](v, w,w) for all v, w ∈ V (G). Observe that χ is 2-stable on G by Fact 2.1.
We define the t-closure graph of (G,χ) to be the directed graph H defined via V (H) := V (G) and

E(H) := {(v, w) | w ∈ cl
(G,χ)
t (v), v 6= w}.

Lemma 4.4. The coloring χ is 2-stable on H.
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Proof. Let λ be a pair-coloring that is 2-stable on G such that λ � χ. We say a partition P of the set of vertices
of G is λ-definable if there is a set CP ⊆ {λ(v, w) | v 6= w ∈ V (G)} such that P is the partition into connected
components of G[CP ]. To prove the lemma we argue that all partitions into color classes of colorings computed
by the t-CR algorithm are λ-definable.

Claim 4.1. Let P be a λ-definable partition of the vertex set of G. Also define

P ′ := {P ∈ P | |P | > t} ∪ {{v} | v ∈ P for some P ∈ P with |P | ≤ t}.

Then P ′ is λ-definable.

Proof. Let P1, P2 ∈ P such that |P1| 6= |P2|. Also let v1 ∈ P1 and v2 ∈ P2. Since the 2-dimensional Weisfeiler-
Leman algorithm detects which vertices are reachable from v1 and v2 in the graph G[CP ] (see, e.g., [10, Theorem
2.6.7]), it follows that λ(v1, v1) 6= λ(v2, v2). Hence, defining

CP′ := CP \ {λ(v, w) | ∃P ∈ P : |P | ≤ t ∧ v, w ∈ P},

it follows that P ′ is λ-definable.

Claim 4.2. Let P be a λ-definable partition of the vertex set of G. Also define P ′ � P to be the coarsest partition
which is stable with respect to the Color Refinement algorithm. Then P ′ is λ-definable.

Proof. For v ∈ V (G), define Pv to be the unique set P ∈ P such that v ∈ P . Define v ∼P w if{{(
Pu, χ(v, u), χ(u, v)

) ∣∣∣ u ∈ V (G)
}}

=
{{(

Pu, χ(w, u), χ(u,w)
) ∣∣∣ u ∈ V (G)

}}
.

Let P ′′ be the partition into equivalence classes of ∼P . Then P ′′ is λ-definable using Lemma 4.1. So in other
words, applying a single round of the Color Refinement algorithm does not effect λ-definability. Hence, the claim
follows.

Now, let u ∈ V (G) and define λu(v, w) := χ3
WL[G](u, v, w) for all v, w ∈ V (G). Also, let χu(u, u) := (1, 1) and

χu(v, w) := (0, χ(v, w)) for all (u, u) 6= (v, w) ∈ (V (G))2. Then λu is 2-stable on (G,χu) (i.e., the graph obtained
from (G,χ) by individualizing u) by Fact 2.2. Now, the previous two claims imply that the partition P into color
classes of χt-CR[G,χu] is λu-definable. Moreover, the choice of CP does not depend on u. It follows that there is
some set of colors C∗ ⊆ {χ3

WL[G](u, v, w) | u, v, w ∈ V (G)} such that

χ3
WL[G](u, v, w) ∈ C∗ ⇔ χt-CR[G,χu](v) = χt-CR[G,χu](w).

This implies the statement of the lemma since (u, v) ∈ E(H) if and only if there is no w 6= v such that
χ3
WL[G](u, v, w) ∈ C∗.

Observation 4.1. Let (u, v), (v, w) ∈ E(H) such that u 6= w. Then (u,w) ∈ E(H).

Proof. By definition of the closure graph, v ∈ cl
(G,χ)
t (u) and w ∈ cl

(G,χ)
t (v). So w ∈ cl

(G,χ)
t (u) which implies

(u,w) ∈ E(H).

Now let A be a strongly connected component of H. Then (v, w) ∈ E(H) for all distinct v, w ∈ A by the
observation above. We say that a vertex v ∈ V (G) is maximal if it appears in a maximal strongly connected
component of H, i.e., (u, v) ∈ E(H) for all u ∈ V (G) such that (v, u) ∈ E(H).

Corollary 4.2. The set of maximal vertices is χ-invariant.

Proof. This follows from the fact that χ is 2-stable on H.
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We say that a vertex color c ∈ CV := CV (G,χ) is maximal if there is some vertex v ∈ Vc which is maximal.
By the corollary, for a maximal color c ∈ CV , every vertex v ∈ Vc is maximal. We fix c0 ∈ CV to be a maximal
color and define

(4.2) X := Vc0 .

Also, for v ∈ X, let

(4.3) D(v) := cl
(G,χ)
t (v)

denote the t-closure of v.

Observation 4.2. Let v, w ∈ X. Then D(v) = D(w) or D(v) ∩D(w) = ∅.

Proof. Since v is maximal it holds that D(v) is precisely the strongly connected component of H that contains v.
Two such components are either equal or disjoint.

Then next lemma forms the main step in proving Theorem 4.1.

Lemma 4.5. Suppose there are v, w ∈ X such that D(v)∩D(w) = ∅. Then G has a topological subgraph isomorphic
to Kh.

Remark 4.1. We remark that the proof of Lemma 4.5 only exploits that the coloring χ is 2-stable on the graph
G and on the t-closure graph of (G,χ). In other words, Lemma 4.4 is the only part of the proof that actually
requires the 3-dimensional Weisfeiler-Leman algorithm.

Before diving into the proof of the lemma, let us first provide a proof for Theorem 4.1 assuming the lemma
holds true.

Proof of Theorem 4.1. Let H denote the t-closure graph of (G,χ) and pick c0 ∈ CV to be a maximal color. Also,

let X := Vc0 and define D(v) := cl
(G,χ)
t (v) for all v ∈ X.

If there are v, w ∈ X such that D(v) 6= D(w) then G has a topological subgraph isomorphic to Kh by
Observation 4.2 and Lemma 4.5. So D(v) = D(w) for all v, w ∈ X. Since v ∈ D(v) for all v ∈ X this implies that
X ⊆ D(v) for all v ∈ X.

Now, let us turn to the proof of Lemma 4.5 which covers the rest of this section. Assume there are
v, w ∈ X such that D(v) ∩ D(w) = ∅. We define D :=

⋃
v∈X D(v) and let k := |{D(v) | v ∈ X}|. Also let

{D1, . . . , Dk} = {D(v) | v ∈ X}, i.e., D1, . . . , Dk is an arbitrary enumeration of all distinct sets D(v), v ∈ X.

Corollary 4.3. The set D is χ-invariant. Moreover, there is a set of colors

(4.4) C∼ ⊆ {χ(v, w) | v, w ∈ V (G), v 6= w}

such that D1, . . . , Dk are precisely the connected components of G[C∼]. Also,

(4.5) (χ/C∼)(Di, Di) = (χ/C∼)(Dj , Dj)

for all i, j ∈ [k].

Proof. By definition, the set X is χ-invariant. Recall that H denotes the t-closure graph of (G,χ). By Lemma
4.4 χ is 2-stable on H. By definition of the closure graph D = {v ∈ V (H) | ∃w ∈ X : (w, v) ∈ E(H)}. It follows
that D is χ-invariant.

Moreover, the sets Di, i ∈ [k], are precisely the strongly connected components of G[D]. Hence, there is a set
C∼ ⊆ {χ(v, w) | v, w ∈ V (G), v 6= w} such that D1, . . . , Dk are precisely the connected components of G[C∼].

Finally, by Lemma 4.1, it holds that (χ/C∼)(Di, Di) = (χ/C∼)(Dj , Dj) or (χ/C∼)(Di, Di) ∩
(χ/C∼)(Dj , Dj) = ∅ for all i, j ∈ [k]. Since X ∩ Di 6= ∅ for all i ∈ [k] and X = Vc0 by definition, it follows
that c0 ∈ (χ/C∼)(Di, Di) for all i ∈ [k]. So (χ/C∼)(Di, Di) = (χ/C∼)(Dj , Dj) for all i, j ∈ [k].
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On a high level, the main target for the proof of Lemma 4.5 is to construct a topological subgraph of G
which violates the bound on the average degree from Theorem 2.1. Towards this end, we shall consider paths of
minimum length connecting sets Di and Dj for distinct i, j ∈ [k]. We start by covering some simple cases using
the tools from Section 4.1. This simplifies the analysis later on since we can exclude certain corner cases.

Lemma 4.6. Let v, w ∈ X such that D(v) ∩ D(w) = ∅ and EG(D(v), D(w)) 6= ∅. Then G has a topological
subgraph isomorphic to Kh.

Proof. Suppose that G has no topological subgraph isomorphic to Kh and there are v′ ∈ D(v) and w′ ∈ D(w)
such that v′w′ ∈ E(G). We argue that D(v) ∩D(w) 6= ∅.

Let cE := χ(v′, w′) and consider graph F := G[cE ]. Let A be the vertex set of the connected component of F
such that v′, w′ ∈ A. If F is unicolored then G[A] is d-regular for some d ≤ adegh

2 ≤ t by Theorem 2.1. Hence,
A ⊆ D(v) and D(v) ∩D(w) 6= ∅.

Otherwise F is bicolored with color classes V1 and V2. Without loss of generality suppose that |V1| ≤ |V2|
and w′ ∈ V1. Hence, v′ ∈ V2 which implies that w′ ∈ D(v) using Lemma 4.3.

The next lemma can be proved using similar, but slightly more involved arguments.

Lemma 4.7. Let v, w ∈ X such that D(v)∩D(w) = ∅ and NG(D(v))∩NG(D(w)) 6= ∅. Then G has a topological
subgraph isomorphic to Kh.

Hence, for the remainder of this section, we assume that the distance between distinct sets Di and Dj is least
three. In order to cover the case of larger distances, we need to understand in more detail how the closure sets
Di, i ∈ [k], interact with one another.

4.3 Interaction between Closure Sets In order to analyze the interaction between closure sets, it turns out
to be more convenient to assume that G has no topological subgraph isomorphic to Kh. Hence, for the remainder
of this section, we make the following assumptions and eventually derive a contradiction:

(A.1) k ≥ 2, i.e., there are v, w ∈ X such that D(v) ∩D(w) = ∅, and

(A.2) G has no topological subgraph isomorphic to Kh.

The first goal is to argue that each set Di interacts with the other sets Dj only via a small set of vertices. To be
more precise, we argue that there are sets Si ⊆ Di of size |Si| < h such that every shortest path between Di and
Dj for distinct i, j ∈ [k] starts in Si and ends in Sj . The following auxiliary lemma turns out to be useful for this
task.

Lemma 4.8. Let G be a graph and let X1, . . . , X` ⊆ V (G) be disjoint sets such that G[Xi, Xi+1] is a non-empty,
biregular graph for all i ∈ [`− 1]. Let k = mini∈[`] |Xi|.

Then there exist k vertex-disjoint paths from X1 to X`, i.e., there are distinct vertices vi,j ∈ Xi for all i ∈ [`]
and j ∈ [k] such that vi,jvi+1,j ∈ E(G) for all i ∈ [`− 1] and j ∈ [k].

Lemma 4.9. Let v, w ∈ X such that D(v)∩D(w) = ∅. Then there is a connected component Z of G−D(v) such
that D(w) ⊆ Z.

Proof. Suppose towards a contraction that there are distinct components of Z1, Z2 of the graph G −D(v) such
that D(w) ∩ Zi 6= ∅ for both i ∈ {1, 2}. Pick vertices wi ∈ D(w) ∩ Zi for both i ∈ {1, 2}. Since G is connected
there is a shortest path w1 = u0, u1, . . . , um, um+1 = w2 from w1 to w2. Without loss of generality assume that
u1, . . . , um /∈ D(w).

Let λ := χt-CR[G,χ,w] be the t-CR-stable coloring after individualizing w and let Xi := [ui]λ be the color
class of ui with respect to the coloring λ. Note that Xi ∩Xj = ∅ for all distinct i, j ∈ [m]. Also |Xi| ≥ t for all
i ∈ [m]. So there are t internally vertex-disjoint paths from w1 to w2 by Lemma 4.8.

On the other hand, |NG(Z1)| < h ≤ t by Theorem 3.1. Since w1 ∈ Z1 and w2 /∈ Z1 this is a contradiction.
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The lemma builds a main step for understanding the interaction between closure sets. Recall that we currently
aim to prove that there are sets Si ⊆ Di of size |Si| < h such that every shortest path between Di and Dj for
distinct i, j ∈ [k] starts in Si and ends in Sj . If G − Di is connected for all i ∈ [k] this statement follows from
directly from Theorem 3.1 setting Si := NG(Zi) where Zi is the unique connected component of G − Di. So
suppose there is some i ∈ [k] such that G−Di is not connected, i.e., the set Di forms a separator. Now, Lemma
4.9 implies that these separators do not “overlap”. In particular, we may contract all sets Di to a single vertex
without effectively changing the connected components of G −Di. This way, we can strengthen the last lemma
and prove that, indeed, all sets Dj , i 6= j ∈ [k], appear in the same connected component of G −Di. Here, we
exploit the fact that the 2-dimensional Weisfeiler-Leman algorithm detects cut vertices (i.e., 1-separators) as well
as the structure of the block-cut tree (see [22, 23]).

Lemma 4.10. ([23, Corollary 7]) Let G1 be a graph and suppose v1 ∈ V (G1) is a cut vertex of G1. Also let
G2 be a second graph and let v2 ∈ V (G2) such that χ2

WL[G1](v1, v1) = χ2
WL[G2](v2, v2). Then v2 is a cut vertex of

G2.

Lemma 4.11. For each v ∈ X there is a connected component Z(v) of the graph G−D(v) such that

1. D(w) ⊆ Z(v), or

2. D(w) = D(v)

for all w ∈ X. Moreover, the set

(4.6) R :=
⋂
v∈X

Z(v).

is χ-invariant.

Proof. We first argue that there is some i ∈ [k] and a connected component Zi of G−Di such that Dj ⊆ Zi for
all i 6= j ∈ [k]. For i ∈ [k] and Z a connected component of G −Di define s(i, Z) := |{j ∈ [k] | Dj ⊆ Z}|. Pick
i ∈ [k] and Zi a connected component of G−Di such that s(i, Zi) is maximal. Suppose towards a contradiction
that s(i, Zi) < k − 1. Then, using Lemma 4.9, there is a second component Z ′i of the graph G − Di such that
s(i, Z ′i) ≥ 1. Suppose that Dj ⊆ Z ′i and let Zj be the connected component of G−Dj such that Di ⊆ Zj . Then
Zi ⊆ Zj and hence, s(j, Zj) ≥ s(i, Z) + 1. This contradicts the maximality of s(i, Zi). Hence, s(i, Zi) = k − 1
which means that Dj ⊆ Zi for all i 6= j ∈ [k].

For two vertices v ∈ D and u ∈ V (G) \ D we say that v is directly reachable from u if there is a path
u = u1, . . . , um = v from u to v such that uµ /∈ D for all µ ∈ [m − 1]. For j ∈ [k] we say that Dj is directly
reachable from u if there is some v ∈ Dj such that v is directly reachable from u. Finally, define

d(u) := |{j ∈ [k] | Dj is directly reachable from u}|.

Observe that d(u) ≥ 1 for all u ∈ V (G) \D because G is connected. Let U := {u ∈ V (G) \D | d(u) = 1}.

Claim 4.3. U is χ-invariant.

Proof. Let C∼ ⊆ {χ(v, w) | v, w ∈ V (G), v 6= w} be the set of colors defined in Corollary 4.3 such that D1, . . . , Dk

are precisely the connected components of G[C∼]. Consider the graph G/C∼. By Lemma 4.1 the coloring χ/C∼
is 2-stable on G/C∼. Moreover, D := {D1, . . . , Dk} is (χ/C∼)-invariant by Corollary 4.3. Now, U contains all
vertices that can reach only one vertex of D without visiting another vertex of D. This property is detected by
the 2-dimensional Weisfeiler-Leman algorithm which implies that {{u} | u ∈ U} is (χ/C∼)-invariant. So U is
χ-invariant.

Now let G̃ be the graph obtained from G by turning each set Di, i ∈ [k], into a clique. Formally, V (G̃) := V (G)
and

E(G̃) := E(G) ∪ {vw | v 6= w ∧ ∃i ∈ [k] : v, w ∈ Di}.

By Lemma 4.9 the connected components of G − Dj are the same as the connected components of the graph

G̃−Dj for all j ∈ [k]. Also, Corollary 4.3 and Claim 4.3 imply that χ|(V (G)\U)2 is 2-stable on the graph G̃− U .
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Now (G̃ − U) − Di is connected. We claim that (G̃ − U) − Dj is connected for all j ∈ [k]. Consider the
graph G∗ := (G − U)/C∼ where C∼ denotes the set of colors from Corollary 4.3. Observe that G∗ is the graph

obtained from G̃− U by contracting each clique Di, i ∈ [k], to a single vertex. Since (G̃− U)−Di is connected,
we conclude that the vertex Di ∈ V (G∗) is not a cut vertex of G∗. Hence, by Corollary 4.3, Lemma 4.1 and 4.10

Dj ∈ V (G∗) is not a cut vertex of G∗ for all j ∈ [k]. In other words, (G̃ − U) −Dj is connected for all j ∈ [k].
This implies the first part of the lemma.

Also, R = V (G) \ (D ∪ U). Hence, R is χ-invariant by Corollary 4.3 and Claim 4.3.

By Lemma 4.6 it holds that EG(Di, Dj) = ∅ for all distinct i, j ∈ [k]. It follows that NG(D(v)) ∩ Z(v) ⊆ R
for all v ∈ X. In particular, NG(Z(v)) = NG(R) ∩D(v) for all v ∈ X. Hence, |NG(R) ∩D(v)| < h by Theorem
3.1. For i ∈ [k] define

(4.7) Si := NG(R) ∩Di

and let S :=
⋃
i∈[k] Si.

Observation 4.3. For all i ∈ [k] it holds that |Si| < h. Also, S is χ-invariant.

Proof. As already argued above, the first part follows from Theorem 3.1. Moreover, S is χ-invariant because D
and R are χ-invariant by Corollary 4.3 and Lemma 4.11.

Now let
p := min

i 6=j∈[k]
min

v∈Di,w∈Dj

distG(v, w).

Observe that p is indeed a natural number since G is connected. Also note that p ≥ 3 by Lemma 4.6 and 4.7.
Fix some i 6= j ∈ [k] and v ∈ Di, w ∈ Dj such that distG(v, w) = p. Let v = u0, . . . , up = w be a path from v

to w to length p. Observe that uµ ∈ R for all µ ∈ [p− 1]. Moreover, let

c̄ := (χ(u0, u0), χ(u0, u1), χ(u1, u1), χ(u1, u2), . . . , χ(up−1, up−1), χ(up−1, up), χ(up, up))

be the sequence of vertex- and arc-colors appearing along the path. A path w0, . . . , w` is a c̄-path if

c̄ = (χ(w0, w0), χ(w0, w1), χ(w1, w1), χ(w1, w2), . . . , χ(w`−1, w`−1), χ(w`−1, w`), χ(w`, w`)).

Note that every c̄-path has length exactly p. We define the graph F with vertex set V (F ) := {Di′ | i′ ∈ [k]} and
edge set

E(F ) := {Di′Dj′ | (χ/C∼)(Di′ , Dj′) = (χ/C∼)(Di, Dj)}.

Observe that the graph F contains at least one edge. We collect some basic properties of the graph F .

Observation 4.4. F is regular, i.e., degF (Di) = degF (Dj) for all i, j ∈ [k].

Proof. We have (χ/C∼)(Di, Di) = (χ/C∼)(Dj , Dj) by Corollary 4.3. So F is regular by Lemma 4.1.

Lemma 4.12. For all i ∈ [k] it holds that degF (Di) ≥ 12adegh
3.

Proof. Suppose towards a contradiction that there is some i ∈ [k] such that degF (Di) ≤ 12adegh
3. Let

J := {j ∈ [k] | Dj ∈ NF (Di)}. Now pick arbitrary elements j ∈ J , v ∈ Si, and a color c ∈ {χ(v, w) | w ∈ Sj}. Let
W := {w ∈ V (G) | χ(v, w) = c}. Then W ∩ Sj 6= ∅. Also,

W ⊆
⋃
j∈J

Sj

by Observation 4.3 and Lemma 4.1. So |W | ≤ |J | · h ≤ 12adegh
4 by Observation4.3. Now let v′ ∈ X ∩Di. Then

v ∈ cl
(G,χ)
t (v′) and hence, W ⊆ cl

(G,χ)
t (v′) since t ≥ |W |. But cl

(G,χ)
t (v′) = Di by definition and W * Di. A

contraction.
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Lemma 4.13. For every DiDj ∈ E(F ) there are v ∈ Di and w ∈ Dj such that there is a c̄-path from v to w or
there is a c̄-path from w to v.

Proof. By definition of the graph F there exists DiDj ∈ E(F ) and v ∈ Di and w ∈ Dj such that there is a c̄-path
from v to w. Now let Di′Dj′ ∈ E(F ) be another edge. By the definition of F , Corollary 4.3 and Lemma 4.1 there
are v′ ∈ Di′ and w ∈ Dj′ such that χ(v, w) = χ(v′, w′) or χ(v, w) = χ(w′, v′). Without loss of generality assume
the former holds. By the properties of the 2-dimensional Weisfeiler-Leman algorithm there is a c̄-walk from v′ to
w′, i.e., a sequence of vertices v′ = w′0, . . . , w

′
` = w′ such that

c̄ = (χ(w0, w0), χ(w0, w1), χ(w1, w1), χ(w1, w2), . . . , χ(w`−1, w`−1), χ(w`−1, w`), χ(w`, w`)).

(In comparison to a c̄-path, a vertex may occur multiple times on the walk.) Since p is the minimal distance
between distinct sets Di, Dj , i, j ∈ [k], it follows that w′0, . . . , w

′
` is a path.

The following lemma is the crucial step towards the proof of Lemma 4.5.

Lemma 4.14. Let d := 4adegh
3. There is a subgraph F̂ ⊆ F with V (F̂ ) = V (F ) such that

(A) degF̂ (Di) ≤ d for all i ∈ [k],

(B)
∑
i∈[k] degF̂ (Di) = 2 · |E(F̂ )| ≥ adegh3k, and

(C) for every e = DiDj ∈ E(F̂ ) there is a path Pe from Di to Dj of length p such that all paths Pe, e ∈ E(F̂ ),
are internally vertex-disjoint.

Before proceeding to the proof of the lemma let us first prove Lemma 4.5 based on the lemma above.

Proof of Lemma 4.5. Let F̂ ⊆ F be the subgraph from Lemma 4.14 and fix a set of paths Pe, e ∈ E(F̂ ),

satisfying Property (C). By the length constraint, all internal vertices of a path Pe, e ∈ E(F̂ ), are contained

in R and both endvertices are contained in S. Now consider the graph F̃ with vertex set V (F̃ ) := S and

vw ∈ E(F̃ ) whenever there is a path Pe, e ∈ E(F̂ ), from v to w. Clearly, F̃ is a topological subgraph of G.

Then
∑
v∈S degF̃ (v) = 2|E(F̃ )| ≥ 2|E(F̂ )| ≥ adegh

3k. On the other hand, |S| < hk by Observation 4.3. But this
contradicts Theorem 2.1. Hence, one of the Assumptions (A.1) and (A.2) is false.

Hence, it remains to prove Lemma 4.14. This is achieved in the next subsection.

4.4 Constructing Disjoint Paths Consider some i 6= j ∈ [k] such that DiDj ∈ E(F ) as well as some v ∈ Di

and w ∈ Dj such that distG(v, w) = p. Let v = u0, . . . , up = w be a path from v to w of length p. Then v ∈ Si,
w ∈ Sj , and uµ ∈ R for all µ ∈ [p− 1]. Recall that p ≥ 3 by Lemma 4.6 and 4.7.

We define r := dp−12 e and

L≤ri := {u ∈ R | min
v′∈Di

dist(v′, u) ≤ r}.

By the definition of the parameter r we have that L≤ri ∩L
≤r
j = ∅ for all distinct i, j ∈ [k], but there exist i, j ∈ [k]

such that NG[L≤ri ] ∩NG[L≤rj ] 6= ∅. Furthermore, for 1 ≤ µ ≤ r let

L=µ
i := {u ∈ R | min

v′∈Di

dist(v′, u) = µ}.

A visualization can be found in Figure 1.

Observation 4.5. For every µ ∈ [r] the set L=µ :=
⋃
i∈[k] L

=µ
i is χ-invariant. Moreover, there is a set of colors

(4.8) C≤r ⊆ {χ(v, w) | v, w ∈ V (G), v 6= w}

such that L≤r1 , . . . , L≤rk are precisely the connected components of G[C≤r]. Also,

(4.9) (χ/C≤r)(L≤ri , L≤ri ) = (χ/C≤r)(L≤rj , L≤rj )

for all i, j ∈ [k].
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Figure 1: Visualization of the interaction between the closure sets (for p even).

Proof. The sets D and R are χ-invariant by Corollary 4.3 and Lemma 4.11. Define L=0 := D. Then

L=µ =
(
NG(L=µ−1) ∩R

)
\
⋃
µ′<µ

L=µ′ .

Hence, L=µ is χ-invariant for all µ ∈ [r] by induction. For the second part observe that L≤r1 ∪D1, . . . , L
≤r
k ∪Dk

are the connected components of the graph G[C] where

C := {χ(v, w) | vw ∈ E(G), v, w ∈
⋃
i∈[k]

L≤ri ∪Di} ∪ C∼

where C∼ is the set of colors from Corollary 4.3. In combination with Corollary 4.3 and Lemma 4.1 this also
implies the third statement.

We split the problem of constructing the desired paths into two parts: constructing paths within the sets L≤ri
and building the middle part of constant size. We start by considering the paths within the sets L≤ri . For these
parts, we are interested in which vertices from the set L=r

i can be extended to a path that is disjoint from a set

of existing paths on L≤ri . Actually, for the overall argument to work out, we may even modify the set of existing

paths on L≤ri as long as we do not change the “interface” in the set L=r
i , i.e., the endpoints of the paths have to

remain the same.
Fix i ∈ [k]. Let P1, . . . , P` be a set of ` vertex-disjoint paths of length r − 1 from L=1

i to L=r
i . We define

Lµi (P1, . . . , P`) to be the set of vertices lying on the paths P1, . . . , P` that are contained in L=µ
i . Observe that

|Lµi (P1, . . . , P`)| = ` for all µ ∈ [r]. Now we define the expansion set of P1, . . . , P` to be the set

Expi(P1, . . . , P`) :=
{
v ∈ L=r

i

∣∣∣ there exist `+ 1 vertex-disjoint paths P ′1, . . . , P
′
`+1

of length r − 1 from L=1
i to L=r

i such that

Lri (P
′
1, . . . , P

′
`+1) = Lri (P1, . . . , P`) ∪ {v}

}
Copyright c© 2022
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Lemma 4.15. Let P1, . . . , P` be a set of ` < 12a2degh
5 vertex-disjoint paths of length r− 1 from L=1

i to L=r
i . Also,

let c ∈ CV (G,χ). Then

|Expi(P1, . . . , P`) ∩ Vc| ≥

(
1−

24a2degh
5

t

)
|L=r
i ∩ Vc|.

Proof. Let x ∈ X such that Di = D(x) and let λ := χt-CR[G,χ, x] be the t-CR-stable coloring after individualizing
x. Observe that Di = {w ∈ V (G) | |[w]λ| = 1} and the sets F=µ

i are λ-invariant for all µ ∈ r.
Let ur ∈ L=r

i ∩ Vc and let u1, . . . , ur be a path from L=1
i to L=r

i ∩ Vc. Also let cµ := λ(uµ) for all µ ∈ [r]. We
argue that

(4.10) |Expi(P1, . . . , P`) ∩ λ−1(cr)| ≥

(
1−

24a2degh
5

t

)
|λ−1(cr)|.

Clearly, this implies the lemma since

|Expi(P1, . . . , P`) ∩ Vc| =
∑

c′∈λ−1(F=r
i ∩Vc)

|Expi(P1, . . . , P`) ∩ λ−1(c′)|

≥
∑

c′∈λ−1(F=r
i ∩Vc)

(
1−

24a2degh
5

t

)
|λ−1(c′)|

=

(
1−

24a2degh
5

t

) ∑
c∈λ−1(F=r

i ∩Vc)

|λ−1(c′)|

=

(
1−

24a2degh
5

t

)
|L=r
i ∩ Vc|.

To prove Equation (4.10) we use an alternating-paths argument and define the following directed graph H with

vertex set V (H) := F≤ri and edge set E(H) := Efw ∪ Ebw. The forward edges are defined as

Efw := {(v, w) | vw ∈ E(G) \
⋃
j∈[`]

E(Pj), v ∈ L=µ
i , w ∈ L=µ+1

i for some µ ∈ [r − 1]}.

The backward edges are defined as

Ebw := {(v, w) | vw ∈
⋃
j∈[`]

E(Pj), v ∈ L=µ+1
i , w ∈ L=µ

i for some µ ∈ [r − 1]}.

We consider directed paths that start in L=1
i \ L1

i (P1, . . . , P`). A directed path v1, . . . , vq in H is admissible if

1. v1 ∈ L=1
i \ L1

i (P1, . . . , P`),

2. (vη, vη+1) ∈ E(H), and

3. if (vη, vη+1) ∈ Efw and vη+1 ∈
⋃
j∈[`] V (Pj) then η ≤ q − 2 and (vη+1, vη+2) ∈ Ebw

for all η ∈ [q − 1]. Let

A := {v ∈ V (G) | there is an admissible path v1, . . . , vq such that vq = v}.

Also let Aµ := A ∩ F=µ
i for all µ ∈ [r].

Claim 4.4. Ar ⊆ Expi(P1, . . . , P`).
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Proof. Let v ∈ Ar and let v1, . . . , vq be an admissible path of minimal length q such that v = vq. Let P`+1 be the
corresponding path graph with V (P`+1) := {v1, . . . , vq} and E(P`+1) := {vivi+1 | i ∈ [q− 1]}. Consider the graph
P with vertex set V (P ) :=

⋃
j∈[`+1] V (Pj) and edge set

E(P ) :=

⋃
j∈[`]

E(Pj) \ E(P`+1)

 ∪
E(P`+1) \

⋃
j∈[`]

E(Pj)

 .

Then P is the disjoint union of (`+ 1) many paths P ′1, . . . , P
′
`+1 (and possibly isolated vertices) from L=1

i to L=r
i

such that Lri (P
′
1, . . . , P

′
`+1) = Lri (P1, . . . , P`)∪{v}. To see this, observe that if there is a vertex w ∈ V (P`+1)∩V (Pj)

for some j ∈ [`], then there is also a common adjacent edge ww′ ∈ E(P`+1) ∩ E(Pj) by the definition of an
admissible path. This implies that v ∈ Expi(P1, . . . , P`).

By the claim, it suffices to provide a lower bound on the size of the set Ar ∩ λ−1(cr). Towards this end, we
analyze the structure of the set A. For j ∈ [`] let uµ,j be the unique vertex in the set V (Pj)∩F=µ

i , µ ∈ [r]. First
observe that, if uµ,j ∈ A, then also uµ′,j ∈ A for all µ′ < µ since all vertices uµ′,j are reachable with backward
edges in Ebw.

We call a vertex b ∈
⋃
j∈[`] V (Pj) \ A a blocking vertex if there is a vertex v ∈

⋃
j∈[`] V (Pj) ∩ A such that

(b, v) ∈ Ebw. In other words, the vertex uµ,j is a blocking vertex if uµ,j /∈ A and uµ−1,j ∈ A (and therefore
uµ′,j ∈ A for all µ′ < µ). Let B be the set of blocking vertices. By the above observation, |B ∩ V (Pj)| ≤ 1 for all
j ∈ [`]. Hence, |B| ≤ `. Let `µ := |B ∩ F=µ

i | be the number of blocking vertices on level µ, µ ∈ [r].

Claim 4.5. |Aµ ∩ λ−1(cµ)| ≥
(
|A1 ∩ λ−1(c1)|
|λ−1(c1)|

− `1 + . . .+ `µ
t

)
|λ−1(cµ)| for all µ ∈ [r].

Proof. The claim is proved by induction on µ ∈ [r]. The base case µ = 1 is immediately clear.
For the inductive step assume that µ ≥ 1. Since G[λ−1(cµ), λ−1(cµ+1)] is a non-empty biregular graph, for

each subset S ⊆ λ−1(cµ) it holds that

|NG(S) ∩ λ−1(cµ+1)|
|λ−1(cµ+1)|

≥ |S|
|λ−1(cµ)|

as argued in the preliminaries. We first argue that

N
(
Aµ ∩ λ−1(cµ)

)
∩ λ−1(cµ+1) ⊆ Aµ+1 ∪B.

Let v ∈ Aµ ∩ λ−1(cµ) and w ∈ N(v) ∩ λ−1(cµ+1). If w ∈
⋃
j∈[`] V (Pj) then w ∈ B or w ∈ A. Otherwise

w ∈ V (G) \
⋃
j∈`] V (Pj) and (v, w) ∈ Efw which means w ∈ A. This shows the inclusion and therefore

|Aµ+1 ∩ λ−1(cµ+1)|
|λ−1(cµ+1)|

≥ |N(Aµ ∩ λ−1(cµ)) ∩ λ−1(cµ+1)| − `µ+1

|λ−1(µi+1)|
≥ |Aµ ∩ λ

−1(cµ)|
|λ−1(cµ)|

− `µ+1

t
.

By the induction hypothesis,

|Aµ ∩ λ−1(cµ)|
|λ−1(cµ)|

≥ |A1 ∩ λ−1(c1)|
|λ−1(c1)|

− `1 + · · ·+ `µ
t

.

In combination this means

|Aµ+1 ∩ λ−1(cµ+1)|
|λ−1(cµ+1)|

≥ |A1 ∩ λ−1(c1)|
|λ−1(c1)|

− `1 + · · ·+ `µ + `µ+1

t
.

Now, we can prove Equation (4.10). We already observed in Claim 4.4 that

Ar ⊆ Expi(P1, . . . , P`).
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Moreover, it holds that |A1 ∩ λ−1(c1)| = |λ−1(c1)| − `. Combining this with Claim 4.5, we obtain

|Expi(P1, . . . , P`) ∩ λ−1(cr)| ≥ |Ar ∩ λ−1(cr)|

≥
(
|A1 ∩ λ−1(c1)|
|λ−1(c1)|

− `

t

)
|λ−1(cr)|

≥

(
|λ−1(c1)| − 12a2degh

5

|λ−1(c1)|
−

12a2degh
5

t

)
|λ−1(cr)|

≥

(
t− 12a2degh

5

t
−

12a2degh
5

t

)
|λ−1(cr)|

=

(
1−

24a2degh
5

t

)
|λ−1(cr)|.

Building on the previous lemma, the critical step becomes the construction of the middle part of the paths
Pe that need to be constructed in order to prove Lemma 4.14. Here, we distinguish between two cases depending
on the parity of the path length p. In fact, in this extended abstract, we shall only discuss the case p odd. The
arguments for p even are similar, but they are much more involved on a technical level.

4.4.1 Paths of Odd Length We give a proof for Lemma 4.14 in the simpler case in which p is odd. The basic
idea is to construct the paths one-by-one, i.e., initially we define E(F̂ ) to be empty. In each iteration, the set of
edges (as well as the corresponding set of paths) is extended by one until Property (B) is satisfied while always
maintaining Properties (A) and (C). Observe that Properties (A) and (C) are satisfied initially.

Hence, let us fix a subgraph F̂ ⊆ F which satisfies Properties (A) and (C), but violates Property (B). Let

Pe, e ∈ E(F̂ ), be the corresponding set of paths. We argue how to extend F̂ by a single edge while maintaining
Properties (A) and (C).

Consider the color cM := c̄2r+2 of the middle edge of a c̄-path as well as the color of its two incident vertices
cL := c̄2r+1 and cR := c̄2r+3. Let EM := {vw ∈ E(G) | χ(v, w) = cM}.

For each DiDj ∈ E(F ) we define the witness set W (DiDj) := {vw ∈ EM | v ∈ L≤ri , w ∈ L≤rj }. I remark that
each e ∈ W (DiDj) appears on a c̄-path from some v ∈ Di to some w ∈ Dj , or on a c̄-path from some w ∈ Dj to
some v ∈ Di.

A partition P of a set A is an equipartition if |P | = |P ′| for all P, P ′ ∈ P. Observe that, for an equipartition
P, we have that |A| = |P| · |P | for all P ∈ P.

Lemma 4.16. The sets W (DiDj), DiDj ∈ E(F ), form an equipartition of the set EM .

Proof. Consider the set C≤r ⊆ {χ(v, w) | v, w ∈ V (G), v 6= w} defined in Observation 4.5 such that L≤r1 , . . . , L≤rk
are precisely the connected components of G[C≤r]. By Observation 4.5,

{{χ(v, v) | v ∈ L≤ri }} = {{χ(v, v) | v ∈ L≤rj }}

for all i, j ∈ [k]. Also,

cM ∈ {{χ(v, w) | v ∈ L≤ri , w ∈ L≤rj }}

for some DiDj ∈ E(F ) by definition of the graph F . Now, Lemma 4.1 implies that

{{χ(v, w) | v ∈ L≤ri , w ∈ L≤rj }} = {{χ(v, w) | v ∈ L≤ri′ , w ∈ L
≤r
j′ }}

for all DiDj , Di′Dj′ ∈ E(G) and cM only appears in sets {{χ(v, w) | v ∈ L≤ri , w ∈ L≤rj }} for DiDj ∈ E(G).

Now let i ∈ [k]. Let P i1, . . . , P
i
di

denote the paths which are obtained from intersecting the paths Pe, e ∈ E(F̂ ),

with the set L≤ri . Observe that di = degF̂ (Di).
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The basic idea to extend the graph F̂ by a single edge is to apply a counting argument. Consider the set
EM . We argue that there is some e ∈ EM which can be extended to a c̄-path which is internally-vertex disjoint
from all paths Pe, e ∈ E(F̂ ), and provides a witness for extending F̂ by a single edge. More precisely, in light of
Lemma 4.15, it suffices to prove the following lemma. Recall the definition of the parameter d from Lemma 4.14.

Lemma 4.17. There is an edge vw ∈ EM such that vw ∈W (DiDj) and

(a) degF̂ (Di) < d and degF̂ (Dj) < d,

(b) DiDj /∈ E(F̂ ), and

(c) v ∈ Expi(P
i
1, . . . , P

i
di

) and w ∈ Expj(P
j
1 , . . . , P

j
dj

).

Proof. We first provide upper bounds on the number edges in EM violating one of the first two properties. Let

Ê1
M :=

⋃
Di : degF̂ (Di)=d

⋃
Dj∈NF (Di)

W (DiDj)

denote the set of edges violating Property (a). Let U := {i ∈ [k] | degF̂ (Di) = d}. Then |E(F̂ )| ≥ d
2 |U | =

2adegh
3|U |. Since |E(F̂ )| < 1

2adegh
3k it follows that |U | < k

4 . By Observation 4.4 there is a number dF such that
degF (Di) = dF for all i ∈ [k] Hence,

|{DiDj ∈ E(F ) | degF̂ (Di) = d ∨ degF̂ (Dj) = d}| ≤ dF · |U | <
dF k

4
=
|E(F )|

2
.

So |Ê1
M | ≤ 1

2 |EM | by Lemma 4.16. Next, let

Ê2
M :=

⋃
DiDj∈E(F̂ )

W (DiDj)

denote the set of edges violating Property (b). We have that |E(F̂ )|
|E(F )| <

1
12 by Lemma 4.12 and the fact that F̂

violates Property (B). So |Ê2
M | ≤ 1

12 |EM | by Lemma 4.16.
Now let us analyze Property (c). By Lemma 4.15 it holds that

|Expi(P
i
1, . . . , P

i
di) ∩ VcL | ≥

(
1− 1

6

)
|L=r
i ∩ VcL |

and

|Expi(P
i
1, . . . , P

i
di) ∩ VcR | ≥

(
1− 1

6

)
|L=r
i ∩ VcR |

for all i ∈ [k] \ U . Hence,

|{vw ∈ EM \ Ê1
M | vw ∈W (DiDj), v ∈ Expi(P

i
1, . . . , P

i
di), w ∈ Expj(P

j
1 , . . . , P

j
dj

)}|

≥ 2

3
(|EM | − |Ê1

M |).

So, the number of edges satisfying Property (a), (b), and (c) it at least

2

3

(
|EM | − |Ê1

M |
)
− |Ê2

M | ≥
2

3

(
|EM | −

1

2
|EM |

)
− 1

12
|EM | =

1

4
|EM | > 0.
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Proof of Lemma 4.14 for p odd. Let F̂ be a maximal subgraph of F that satisfies Property (A) and (C). Suppose

towards a contraction that Property (B) is violated, i.e., 2 · |E(F̂ )| < adegh
3k. Let Pe, e ∈ E(F̂ ), be the

corresponding set of paths guaranteed by Property (C). For i ∈ [k] let P i1, . . . , P
i
di

denote the paths which are

obtained from intersecting the paths Pe, e ∈ E(F̂ ), with the set L≤ri . Observe that di = degF̂ (Di) and the path
P ij has length r − 1 for all i ∈ [k] and j ∈ [di].

By Lemma 4.17 there is an edge vw ∈ EM such that vw ∈ W (DiDj) satisfying Property (a), (b), and (c).

Let F̂ +DiDj denote the graph obtained from F̂ by adding the edge DiDj . By Property (a) the graph F̂ +DiDj

satisfies Property (A). By Property (c) and the definition of an extension set there are vertex-disjoint paths
Qi1, . . . , Q

i
di+1 from L=1

i to L=r
i of length r − 1 such that

L=r
i (Qi1, . . . , Q

i
di+1) = L=r

i (P i1, . . . , P
i
di) ∪ {v}

and vertex-disjoint paths Qj1, . . . , Q
j
dj+1 from L=1

j to L=r
j of length r − 1 such that

L=r
j (Qj1, . . . , Q

j
dj+1) = L=r

j (P j1 , . . . , P
j
dj

) ∪ {w}.

This gives a set of paths Qe, e ∈ E(F̂ +DiDj), witnessing Property (C) for the graph F̂ +DiDj . Hence, by the

maximality of F̂ , it holds that DiDj ∈ E(F̂ ) contracting Property (b).

As already pointed out above, the analysis for p even is similar, but turns out to be much more involved on
a technical level. We refer the interested reader to the full version of the paper. Overall, this completes the proof
of Lemma 4.14 and thus, we have also shown Theorem 4.1.

5 Isomorphism Test for Graphs Excluding a Topological Subgraph

Having established the necessary combinatorial tools, one can now assemble the main algorithm following the
high-level description given above. Towards this end, the combinatorial tools introduced in the previous sections
are combined with group-theoretic tools from [29, 36]. Since this part is identical to the isomorphism algorithm
from [17] for graphs excluding Kh as a minor, we omit the details here and only state the main result. The
complete proof can be found in the full version.

Theorem 5.1. There is an algorithm that, given a number h ∈ N and two connected vertex-colored graphs G1

and G2 with n vertices, either correctly concludes that G1 has a topological subgraph isomorphic to Kh, or decides
whether G1 is isomorphic to G2 in time nO((log h)c) for some absolute constant c.

We remark that, by standard reduction techniques, there is also an algorithm computing a representation for
the set Iso(G1, G2) in time nO((log h)c) assuming G1 excludes Kh as a topological subgraph.

Moreover, the arguments also reveal some insight into the structure of the automorphism group of a graph
that excludes Kh as a topological subgraph.

Let G be a graph. A tree decomposition for G is a pair (T, β) where T is a rooted tree and β : V (T )→ 2V (G)

such that

(T.1) for every e ∈ E(G) there is some t ∈ V (T ) such that e ⊆ β(t), and

(T.2) for every v ∈ V (G) the graph T [{t ∈ V (T ) | v ∈ β(t)}] is non-empty and connected.

The adhesion-width of (T, β) is maxt1t2∈E(T ) |β(t1) ∩ β(t2)|.
Let v ∈ V (G). Also, recall that (Aut(G))v = {ϕ ∈ Aut(G) | vϕ = v} denotes the subgroup of the

automorphism group of G that stabilizes the vertex v.

Theorem 5.2. Let G be a graph that excludes Kh as a topological subgraph. Then there is an isomorphism-
invariant tree decomposition (T, β) of G such that

1. the adhesion-width of (T, β) is at most h− 1, and

2. for every t ∈ V (T ) there is some v ∈ β(t) such that (Aut(G))v[β(t)] ∈ Γ̂d for d := 144a2degh
5.
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6 Conclusion

We presented an isomorphism test for all graphs excludingKh as a topological subgraph running in time npolylog(h).
On the technical side, the main contribution towards this algorithm is a combinatorial statement which provides
a suitable isomorphism-invariant initial set to apply the t-CR algorithm. As a consequence, we also obtain
restrictions on the structure of the automorphism groups of graphs excluding Kh as a topological subgraph.

Overall, the presented result unifies and extends existing isomorphism tests with polylogarithmic parameter
dependence in the exponent of the running time, and essentially completes the picture for such algorithms on sparse
graph classes. It is an interesting open question whether the techniques can be extended to graph parameters
that include dense graphs. As a specific example, can isomorphism of graphs of rank-width k be tested in time
npolylog(k)?

Of course, it also remains an important question for which graph parameters the isomorphism problem is
fixed-parameter tractable. However, here it is already open whether isomorphism testing parameterized by the
maximum degree or the Hadwiger number (i.e., the maximum h for which Kh is a minor of the input graph) is
fixed-parameter tractable.
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[4] László Babai, William M. Kantor, and Eugene M. Luks. Computational complexity and the classification of finite
simple groups. In 24th Annual Symposium on Foundations of Computer Science, Tucson, Arizona, USA, 7-9
November 1983, pages 162–171. IEEE Computer Society, 1983.
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[8] Béla Bollobás and Andrew Thomason. Proof of a conjecture of Mader, Erdős and Hajnal on topological complete
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[34] Ákos Seress. Permutation Group Algorithms, volume 152 of Cambridge Tracts in Mathematics. Cambridge University
Press, Cambridge, 2003.

[35] Boris Weisfeiler and Andrei Leman. The reduction of a graph to canonical form and the algebra which appears
therein. NTI, Series 2, 1968. English translation by Grigory Ryabov available at https://www.iti.zcu.cz/wl2018/
pdf/wl_paper_translation.pdf.

[36] Daniel Wiebking. Graph isomorphism in quasipolynomial time parameterized by treewidth. In Artur Czumaj, Anuj
Dawar, and Emanuela Merelli, editors, 47th International Colloquium on Automata, Languages, and Programming,
ICALP 2020, July 8-11, 2020, Saarbrücken, Germany (Virtual Conference), volume 168 of LIPIcs, pages 103:1–
103:16. Schloss Dagstuhl - Leibniz-Zentrum für Informatik, 2020.

Copyright c© 2022
Copyright for this paper is retained by authors

https://www.iti.zcu.cz/wl2018/pdf/wl_paper_translation.pdf
https://www.iti.zcu.cz/wl2018/pdf/wl_paper_translation.pdf

	Introduction
	Preliminaries
	Graphs
	Topological Subgraphs
	Weisfeiler-Leman Algorithm
	Permutation Groups

	Allowing Color Refinement to Split Small Color Classes
	Finding the Initial Set
	Basic Tools
	The Closure Graph
	Interaction between Closure Sets
	Constructing Disjoint Paths
	Paths of Odd Length


	Isomorphism Test for Graphs Excluding a Topological Subgraph
	Conclusion

